Purpose: Prior-image-based reconstruction (PIBR) is a powerful tool for low-dose CT, however, the nonlinear behavior of such approaches are generally difficult to predict and control. Similarly, traditional image quality metrics do not capture potential biases exhibited in PIBR images. In this work, we identify a new bias metric and construct an analytical framework for prospectively predicting and controlling the relationship between prior image regularization strength and this bias in a reliable and quantitative fashion. Methods: Bias associated with prior image regularization in PIBR can be described as the fraction of actual contrast change (between the prior image and current anatomy) that appears in the reconstruction. Using local approximation of the nonlinear PIBR objective, we develop an analytical relationship between local regularization, fractional contrast reconstructed, and true contrast change. This analytic tool allows prediction bias properties in a reconstructed PIBR image and includes the dependencies on the data acquisition, patient anatomy and change, and reconstruction parameters. Predictions are leveraged to provide reliable and repeatable image properties for varying data fidelity in simulation and physical cadaver experiments. Results: The proposed analytical approach permits accurate prediction of reconstructed contrast relative to a gold standard based on exhaustive search based on numerous iterative reconstructions. The framework is used to control regularization parameters to enforce consistent change reconstructions over varying fluence levels and varying numbers of projection angles -enabling bias properties that are less location-and acquisition-dependent. Conclusions: While PIBR methods have demonstrated a substantial ability for dose reduction, image properties associated with those images have been difficult to express and quantify using traditional metrics. The novel framework presented in this work not only quantifies this bias in an intuitive fashion, but it gives a way to predict and control the bias. Reliable and predictable reconstruction methods are a requirement for clinical imaging systems and the proposed framework is an important step translating PIBR methods to clinical application.
I. INTRODUCTION
Model-based iterative reconstruction (MBIR) has enabled substantial improvements in radiation dose vs. image quality tradeoffs as compared to traditional filtered back-projection (FBP) method. These improvements have been driven by improved system models and the integration of additional prior knowledge. Prior-image-based reconstruction (PIBR) has been explored in research settings to use highly patient-specific prior knowledge for even greater improvements. [1] [2] [3] [4] [5] [6] [7] [8] For example, in sequential CT studies such as lung nodule surveillance, a high-quality patient-specific prior image can be incorporated into the reconstruction of subsequent data acquisitions to achieve order-of-magnitude exposure reduction. 5, 8 However, there are major challenges with the application of PIBR. For example, while integration of prior image knowledge can have a dramatic effect on the apparent image quality of the reconstruction, traditional image quality metrics like spatial resolution do not capture biases associated with the reconstruction. This complicates the selection of reconstruction parameters for PIBR prior image regularization strength which controls the balance between information from current measurements and information from the prior image. Too little prior information yields little to no improvement over "ordinary" MBIR, while too much prior information can obscure important features (by forcing PIBR to resemble the prior image too 
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Prior Image Regularization Strength closely). 9, 10 While exhaustive parameter searches can be used to establish regularization strength, this process is time consuming (requiring many reconstructions) and may not generalize for different imaging scenarios -including different fluence levels, sampling, patient size, anatomy, etc. 9, 10 The ability to reliably understand and control the performance of PIBR in an intuitive and quantifiable fashion is a major hurdle to their clinical application.
In this work, we identify a particular metric for the form of bias found in PIBR (related to the contrast of a feature that differs between the prior image and the current anatomy) and develop an analytical framework for prospectively predicting and controlling PIBR performance. While we focus on the prior image registration, penalized likelihood estimation (PIR-PLE) method, 4, 5 we expect the same strategy can be extended to other PIBR methods. We apply the analytic framework in both simulation and physical experiments to demonstrate reliable prediction and control of performance at varying fluence levels and levels of sampling.
II. METHODS AND MATERIALS

PIRPLE framework and closed-form approximation
The PIRPLE method has previously been proposed 4, 5 and may be written as: ̂= arg max ( ; ) − ‖ ‖ 1 − ‖ − ‖ 1 (1) The objective includes: 1) a data fidelity term based on marginal log-likelihoods, L; 2) a regularization term that enforces smoothness (e.g., applies a spatial gradient); and 3) a prior image regularization term that encourages similarity but permits sparse differences between the reconstruction μ and a prior image . Prior image registration is applied through transformation T; and the regularization parameters and control the relative strengths of the roughness and the priorimage penalties, respectively. Previous analysis 9, 11 (ignoring registration) has found an approximate closed-form solution to the PIRPLE objective:
where = { } is a diagonal matrix of statistical weights, and is an estimate of the line integrals. The diagonal matrices and are related to quadratic approximations to the ℓ 1 norm penalties about an operating point ̃.
Prospective selection of in PIRPLE
The amount of prior image information to integrate in reconstruction is controlled through . Too little prior information (small ) yields few improvements for PIBR, while too much prior information (large ) can lead to a PIBR result too similar to the prior image -obscuring or misrepresenting features. Due to the ℓ 1 penalties such problems often occur abruptly with changes in . For example, see Fig. 1 for typical behavior for PIBR where the contrast of a lung nodule, found in the current CT data but not found in a prior image, is plotted as a function of . Such behavior suggests that PIBR would be most easy to analyze in the transition region (i.e, not in the plateaus) centered at one-half the true contrast of the change. This suggests we can apply (2) using an operating point ̃ in the transition region. Consider a reconstructed change (Δ) is reconstructed with fractional contrast such that ̂= + Δ for 0 < < 1, and there exists a unique * that would achieve that nodule contrast. Furthermore, if we temporarily ignore the roughness penalty and consider the simplified = 0 scenario, we may use (2) to write:
Since ≈ ( + Δ ), solving for :
. Thus, for a nonnegative change Δ ( ) centered at location j, this suggests the following relationship between and a local regularization , * : Figure 1 . The reconstructed change, Δ, vs. prior image penalty strength, . We have observed that the contrast is reliably reproduced up to a certain (first plateau, green region), then the change abruptly disappears (orange region), not appearing with higher (red region). This relationship serves both as an analytic tool for predicting bias properties in PIRPLE images (fractional contrast reconstructed, ) as well as a tool for prospectively designing the penalty, , * , to admit user-specified levels of contrast. Note that (4) encompasses the geometry ( ), data-( = { }), and location-dependence (j) of the bias properties in PIRPLE. 
suggesting a shift-variant regularization , * ~1 / 2 for location-independent behavior (for shift-invariant T ). The validity of (4) and (5) is explored in two studies.
Simulation phantom study
A lung phantom in Fig. 2a was generated from an axial slice of a CBCT scan of a cadaver with two irregular inserts digitally added to mimic nodules. We emulated a lung nodule surveillance scenario in which two nodules shrank (Fig. 2b) in a subsequent scan. We explored the relations in (4) and (5), varying exposure in the follow-up scan with 90 projections over 360 o with 10000, 6000 and 3000 incident photons per detector pixel with Poisson noise. We compare the expressions above with "gold standard" contrasts measured via exhaustive PIRPLE reconstruction (100 iterations, 10 subsets of OS-SPS) over a range of values.
Physical cadaver study
A CBCT testbench was used to scan a cadaver torso (Fig. 3a) . A baseline scan was first acquired with 100 kVp, 1.25 mAs/projection, and 360 projections over 360° (referred to as standard exposure). This reconstructed image volume of the cadaver served as the prior image for PIRPLE reconstruction subsequent low-dose scans. To emulate a lung nodule surveillance scenario in which a suspicious nodule is found in the follow-up study, ~1 cm 3 petroleum jelly was injected into the lung of the cadaver to mimic a solid solitary pulmonary nodule. Using an x-ray technique of 100 kVp and 0.6 mAs/projection, the cadaver was scanned with 360 projections over 360°. Since there was substantial deformation between the prior and follow-up scans, deformable registration 13 was applied as the T transform in (1). Finally, we extracted some projection angles from the full 360 projections to simulate different low exposure levels. We used (4) to produce estimate reconstructed contrast curves over a range of values. Specifically, we varied in (4) from 0 to 0.99 with a 0.03 step size and computed the average , * inside the nodules. We compare these plots with a series of PIRPLE reconstructions = 10 3 and varying from 10 1 to 10 5 with a 10 0.1 step size and computing the average intensity of pixels inside the nodules. The resulting curves for three different fluence levels are illustrated in Fig. 5 (the points in these curves were intentionally downsampled for better visualization). We see that the predictor in (4) is matched well with the curves produced by exhaustive evaluation. Similarly, the shift-variant and fluence-dependent behavior of the bias is captured. Individual points corresponding to the Fig. 4 reconstructions (orange triangles) echo these observations. Applying the shift-variant penalty suggested after (5) results in a new set of curves as shown in Fig. 6 . The curves suggest increased shift-invariance and fluence-independence for the two nodules and regularization-bias properties. Again, predicted and exhaustive evaluations are in good agreement for all the cases.
Outcomes for the cadaver study
We extracted 30, 60, 90, 180 and 360 (evenly spaced) projection angles from the follow-up CBCT scan of the cadaver to explore the performance of the predictor in (4) under variable angular sampling conditions (an alternate method to achieve different low exposure levels). Again, we varied in (4) from 0 to 0.99 with a 0.03 step size and computed the average , * inside the nodule. PIRPLE reconstructions using = 10 3 and a shift-invariant varying from 10 2.5 to 10
6.5
with a 10 0.1 step size were performed and the average intensity of pixels inside the nodule was computed. The resulting curves for the predictor and the exhaustive search for the five different angular samplings are illustrated in Fig. 7 . There is a good match between the predicted performance and the exhaustive search. The dependence on angular sampling is captured by the predictor. We note that the certainty-based penalty following (5) would not lead to sampling-independent performance; however, the predictor may be used to tabulate a relationship between and a specific fractional reconstruction contrast level . Such a tabulation is illustrated in Fig. 8 for the = 0.5 scenario. As one might expect, a smaller regularization strength is required to achieve the same performance with fewer projections.
IV. DISCUSSION AND CONCLUSION
We have proposed and validated a mathematical framework for predicting the relationship between the prior image regularization parameter and PIBR reconstruction bias. The experimental results with simulation and physical cadaver datasets illustrate that the proposed method has high accuracy as compared with the exhaustive search method. This framework permits prospective design of the regularization strength permitting quantitative and reliable reconstruction of features of a specific contrast (relative to what is in the prior image). These tools will facilitate more robust and intuitive PIBR which is critical for clinical translation and use of the huge potential for dose reduction in these sophisticated approaches. Our proposed analytical prediction approach shows small estimation errors as compared with the exhaustive search method for all five cases.
